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A well-known theorem of Doob-generalizing an important theorem of 
Cartan in classical potential theory-states that iffis the limit of a decreasing 
sequence of excessive functions, thenf differs from its excessive regularization 
J on a semipolar set. As a matter of fact the proof shows something more in 
the case when f is bounded: namely that for each E > 0, the set 
A, ={f -j>/c} is th in. The purpose of this note is to characterize those 
super-mean-valued functions f for which the previous statement is true. 
Our theorem gives a new insight into Doob’s theorem. It also yields as an 
immediate corollary the recent generalization of Doob’s theorem given by 
Getoor and Murali Rao [2]. 
The notation and terminology used throughout this note are those of [l]. 
We recall that if (G, 9) is a measurable space and f : G -+ i?, we write 
f E 3 if f is measurable with respect to 9. We also recall that 
~+={fEVf>01 and b9 = {f E 9 1 f bounded}. 
Let X = (Sz, A’, A’, , X, , et, Px) be a jixed standard process with state 
space (E, S): for the sake of simplicity we assume that J! = .9 and &?t = 9’, 
for all t. We recall that b* denotes the tribe (u-algebra) of universally measur- 
able subsets of E, 6” denotes the tribe of nearly Bore1 subsets of E and that 
EC b” C E”*. Finally we recall that a function f E $+* is called a-super- 
mean-valued (a 3 0) if Ptaf <f for all t 3 0. If f is a-super-mean-valued 
then f = lim,,, Piaf exists pointwise, j <f, j is or-excessive and in fact f is 
the largest a-excessive function dominated by f.1 Furthermore for each 
,Q 2 0, lYf= Pj(see [l, p. 811). Th’ is s h ows in particular that ifJ is finite 
then {jff} is of potential zero. 
Let S be a stopping time (all stopping times considered below are taken 
with respect to {St}). We shall introduce the following terminology: We 
* This research was partially sponsored by the U. S. Army Research Office (Durham) 
under contract DA-31-124-ARO(D)-288. 
1 The function f is called the or-excessive regularization off. Note also that Ppf < J 
for all t > 0. 
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shall say that S is a “delayed hitting time ” if there are B ~6~ and t > 0 such 
that 
S=t+T,otI,. 
We shall need the following more or less known characterization of func- 
tions that are upper semi-continuous in the fine topology (since we cannot 
find it as such in the literature, we shall give the proof below): 
PROPOSITION 1. Let f  E b&*. Let LY 3 0. The following assertions are then 
equivalent : 
(i) f is upper semi-continuous in the fine topology. 
(ii) Given any x E E and (T,) a sequence of stopping times with T, -+ 0 
a.s. P”. we have 
limEuP G,f (4 B f (4. 
(iii) Given any x E E and (T,) a sequence of delayed hitting times with 
T, -+ 0 a.s. P2, we have 
Proof, (i) * (ii). Let x E E and (T,) a sequence of stopping times with 
T, + 0 as. P*. For each E > 0 let B, = {y 1 f(y) <f(x) + E}. Then 
B, E bn, B, is finely open and x E B, . We deduce 
limzup e+r”f(Xr”) <f(x) + E as. P”; 
and by Fatou’s lemma 
lim:up PFnf (4 B f(x) + 6 
Since E > 0 was arbitrary the implication (i) z- (ii) is proved. 
(ii) 3 (iii) is obvious. 
(iii) =E- (i). Let a E R and set A = {y 1 f(y) > a}. We must show that A 
is finely closed, or equivalently that A” C A. Hence let x E A+. Let (K,,) be an 
increasing sequence of compact sets contained in A, with TK ---f 0 a.s. Px. n 
Let t, > 0 and set 
T n =t, + T,&Gn for each n; 
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then (T,) is a sequence of delayed hitting times. We can obviously assume 
that the tn’s are so chosen that T, -+ 0 a.s. P. By the Markov property we 
have 
and therefore 
Xrn~K,,CA a.s. on {T,, < oo}, 
f(XT,> 3 a a.s. on {T, < a}. 
We deduce 
lim inf e+‘nj(XTn) 3 a a.s. P”, 
n 
and hence, using Fatou’s lemma and the assumption, f(x) >, a, i.e. x E A. 
This completes the proof. 
Remark. The implication (iii) 3 (i) remains valid (with exactly the same 
proof) for any f E 8,“. 
We can now state our theorem: 
THEOREM. Let f E bd+” be or-super-mean-valued. Let f be its a-excessive 
regulurization and for each E > 0 let A, = {f-f > l }. Then the following 
assertions are equivalent :
(i) A, is thin for each E > 0. 
(ii) Almost surely t -+ f  (X,) has right hand limits and the right continuous 
regularizution of t + f  (X,) is t -j(X,). 
(iii) Given any x E E and sequence (T,,) of stopping times with T, > 0 U.S. 
Px and T,, + 0 U.S. Px, we have 
lit;” Fnf (4 <j(x). 
(iv) Given any x E E and sequence (T,) of delayed hitting times with 
T, + 0 a.s. P”, we have 
lim;up Gnf (4 d f(x). 
Proof. (i) * (ii). This is a standard argument. Fix E > 0 and let 
T = T, . Define c 
TI = T 
Tn,, = T,, -I- T Q hm for each n > 1. 
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Suppose now that /3 is a countable ordinal and that T, was defined for all 
o( < /3. If /I has a predecessor /? - 1, set 
T, = TB-, + T = GB-1 . 
If /3 is a limit ordinal, set 
T, = sup T, . 
=<B 
In each case T, is a stopping time. We shall show now that for each countable 
ordinal ,k?, To+, > T, a.s. on { T, < CD}. In fact, since A, is thin, T > 0 almost 
surely, and we have for each x E E 
WT,+, = T,; TB < co} = PZ(T o B,, = 0; T, < a} 
= E”{PX’=B’[T = 01; TB < co} = 0. 
Hence the assertion is proved. 
Fix now x E E. There is then a countable ordinal y such that 
P”(T, = co) = 1. 
Let NzE = {w 1 T,(w) < OO}. Then NxE E St, P”(Nze) = 0 and 
for each t > 0. 
Letting E tend to 0 through a sequence we deduce (use the fact that j is 
finely continuous) that t +f(Xt(w)) has right hand limits and 
l;~f(x&JN = fWt(w)) 
*,t 
for all t > 0, 
almost surely with respect to P”. Since x was arbitrary, (i) Z. (ii) is proved. 
Since (ii) > (iii) and (iii) 3 (iv) are obvious, it remains only to prove 
the implication (iv) 2 (i). Hence assume (iv). By Proposition 1, f is then 
finely upper semi-continuous and hence so is f - j. It follows that 
-4,r c A, for each E > 0. 
To show that A, is thin we reason by contradiction. Assume x E ACT. Then 
TA = 0 a.s. Pz. Let < 
T,, = t, 3 Ta,, 0 et,, , where t, > 0 and t,+ 0. 
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Then (T,) is a sequence of delayed hitting times, with T,, -+ 0 as. P”. By the 
Markov property we have 
4-n E 4 a.s. on {T, < co>, 
whence 
and thus 
fWTJ -3(&J b l a.s. on {T, < co}, 
a.s. on (T, < m}. 
Integrating with respect to Pz we get 
G,f(x) 3 P&f(x) + JWuTn; Tn < ~1, 
and letting n-+ cc we obtain 
the desired contradiction. This completes the proof of the theorem. 
Remark. The implication (iv) =E- (i) in the above theorem remains valid 
(same proof) for any cx-super-mean-valued function f E 8,” for which j is 
finite. 
In [2] Getoor and Rao introduced the notion of strongly or-super-mean- 
valued function. A function f is called strongly or-super-mean-valued if: 
(a) f E cF+~; 
(b) PTuf <f for every stopping time T. 
Note that the infimum of two strongly or-super-mean-valued functions is 
again strongly ol-super-mean-valued. 
Let us also remark here that if T is a stopping time and t is a strictly 
positive constant, then (by the Markov property) 
PROPOSITION 2. Let f be strongly ar-super-mean-valued and let 3 be its 
or-excessive regularization. We have : 
(I) If S is a delayed hitting time, then Ps”f < 3. 
(2) If S is a terminal time and S > 0 a.s., then P,=f <3. 
Proof. Since fn = inf( f, n) is strongly c+super-mean-valued and fn t f, 
we may assume f bounded and M = 11 f /Im f 0. 
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Case 1. There are B ~6)” and t > 0 such that S = t + TBc et. We 
have 
ps”f =I p;++Tsret f = P,“(P&f) < ptf G f. 
Case 2. Fix x E E and let 6 > 0. Since S is a terminal time [l, p. 781, 
S = t + S 0 Bt as. on {S > t}, for each t 3 0. As S > 0 almost surely, 
there is then t > 0 small enough that 
PS(S # t + s 0 e,) < ; . 
We then have: 
Ps*f(x) = Ez{e-“sf (Xs); S # t + S o 13,) + Ez{e-~Sf (Xs); S = t + S 0 e,} 
< M * 5 + EZ{e-U(t+Snet)f(Xt+SOe~)) 
= E + P:+s.,f (x) = E + P:(Psaf) (x) 
< E + P,af(x) < E SJ(x). 
Since E > 0 was arbitrary, we obtain Psolf (x) <j(x) and the assertion is 
proved. 
COROLLARY (Getoor-Rao; see [2]). I f  f  is strongly a-super-mean-valued, 
then { f  < f  } is semi-polar. 
Proof. By the usual reduction argument (see [l, p. 811) we may assume f 
bounded. The conclusion then follows from Proposition 2 and the preceding 
Theorem (iv) * (i)). 
Remarks. Let f  be strongly or-super-mean-valued, let j be its a-excessive 
regularization and assume thatjis finite. For each E > 0 let A, = {f-f > c}. 
Then for each F > 0: 
(1) The set A, is still thin (use Proposition 2 and the Remark at the end 
of the preceding Theorem). 
(2) If T = TA, , then the following inequality (Getoor-Rao inequality; 
see [2]) holds for all x E E: 
f(x) > PTaj(x) + cEz(e-“r; T < CO}. 
In fact, since AEr = o , we have Xr E A, as. on {T < co}. It follows that 
f  (XT) 2 f  (X,) + 6 a.s. on {T < a>. 
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Multiplying by e-*=, integrating with respect to Pz, and noting that PTaf <f 
(T is a terminal time and T > 0 almost surely, so Proposition 2 applies) 
yields the desired inequality. 
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